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Abstract--Effects ongravity waves of forced percolation on a flat beach (the solution is derived 
only for beach angles a = 7r/(2m) where m E N) are investigated in the framework of a classical 
nonhydrostatic model of a perfect fluid. The design percolation chosen in this simplified model (P) is 
based upon the velocity fluctuations ina nonpercolative model (NP) and is thus, spatially oscillatory 
with amplitude a decaying with depth of flow. It is shown for a certain choice of a that the logarithmic 
shoreline singularity of the classical incoming progressing wave can be made to vanish leaving a 
nonreflective wave having everywhere a finite amplitude. The first-order perturbation of NP for a 
slightly rippled impermeable b ach is found to satisfy a P-type problem. We perturb the regular 
wave solution of NP problem with a regular perturbation. 
Keywords--Mel l in transform, Irrotational flow, Reflection coefficient, Difference quation, 
Green's identity. 
1. INTRODUCTION 
Classical 2-D beach theory is understood to describe small amplitude ideal fluid theory for 
monochromatic waves of frequency w/21r, normally incident on a plane beach of arbitrary slope ~. 
The theory evoked much mathematical interest earlier this century [1]. Many studied dependency 
of convergence of the solutions on the arithmetic nature of the slope angle but more recently [2] 
showed that the solution is continuous in a and the dependency noted was only a consequence 
of the way the solution was being interpreted. 
Coastal engineers now require a precision very near the shoreline, which cannot be adequately 
furnished by the classical solution, this being essentially a nonbreaking linear perturbation theory. 
However, there are aspects of observed flow which can be qualitatively modelled by this theory, 
e.g., [3] shows that 'set-down' (depression of the mean sea surface seaward of the breaker zone) 
can be quantified by taking the theory to second order and recently [4] shows that bottom 
currents predicted by this theory qualitatively agree with the wave-tank observations described 
by Longuet-Higgins [5]. 
For steep beds (typically ~ > ~r/30), a hydrostatic pressure approximation and neglect of 
vertical accelerations are invalid. Then the case is strengthened for developing models based on 
the classical solution. The present work in Section 2 is one where we use a simple mathematical 
artifice effectively to simulate a change in the constitution of the beach material. This leads to 
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an inhomogenous linear boundary value problem similar to that studied in [6] for beach angles 
7r/(2m) and in [7] for general beach angles 0 < c~ < r.  In Section 3, by specifying the normal 
component of velocity on the bed proportional to exp( -#R) ,  # • C, we can reasonably mimic 
what might be expected of a porous beach. Here 1/~(#) will represent the e -1 decay distance of 
the near-bed first-order orbital velocity and ~(#) will be chosen to represent the bed wavenumber 
of the fundamental oscillations. 
In Section 4, we perturb the regular standing waves with a slightly rippled bed which leads 
to a problem of the type considered in Section 3 in which we can find a Mellin transform of the 
velocity potential exactly. 
We assume small velocities and nonseparating, uniplanar, constant density, and irrotational 
motion. All dependent variables are taken as small perturbations of the hydrostatic state in 
which the free surface is taken as the initial line in cylindrical polar coordinates, with 0 = -a  
as the beach face. The radial coordinate r is nondimensionalised by setting R = rw2/g and t 
is nondimensionalised by setting T = wt. The reader is referred to [2] for full details of the 
formulation and solutions of problem NP. The modification required for problem P is that the 
condition on 19 = -a  is generalised. We find 
V2¢(R, 0) = 0, in D = {(R, 0) :0 < R < ~, -~ < 0 < 0}, 
Co(R, O) = Re(R, 0), 
Co(R , -a )  = f (n) .  
(1.1) 
(1.2) 
(1.3) 
For minimum energy 
¢(R, 0) = O(log R), 
For trapped or evanescent waves, we require 
as n - -  0. (1.4) 
lim ¢(R, 0) = 0, 0 • [ -a,  0]. (1.5) 
R--*oo 
The velocity will be given by u = ~(eiTV¢) and the wave height by y = R( - i¢ (R ,  O)eiT). We 
begin by constructing such evanescent solutions and then add appropriate ' igenfunctions' of the 
classical problem to satisfy the given asymptotic wave conditions. 
2. A SOLUTION 
We find a solution of (1.1)-(1.5) for a = ~r/2m, m E N. We define the Mellin transform [5] 
of ¢ as follows: ~(s, 0) = fo  Rs-I¢( R, O) dR with inversion formula 
/co+io~ R-S#P(s, 0) ds. (2.1) 1 
¢(R,O) = ~ ~co-~oo 
Rewriting equation (1.1) as R2¢Rn+ RCR+¢oo = 0, we find Doe(s, O)+ s2~(s, 8) = 0 =~ ~(s, O) = 
A(s) coss8 + B(s) sins& From equation (1.2) sB(s) = A(s + 1) and from (1.3) A(s + 1) cos sc~ + 
sACs ) sin sa = F(s) where F(s) is the Mellin transform of f .  Letting A(s) = c(s) d(s)F(s) where 
c(s + 1) = -c(s) tan sa, (2.2) 
we find 
where 
dis + 1)  - d(s) = g(s), (2.3) 
-F(s) 
g(s) = (c(s)sF(s) sin sa)" (2.4) 
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From [8], c(s) = I-[jfom-1 cos a(s + j) satisfies (2.2). Substituting for A(s), B(s) we obtain 
@(s, O) = F(s) sin sO + c(s)F(s) d(s) cos s(O + a) 
S COS 8~ COS 8C~ 
Define d(s) = d(s) - doo/(1 - exp(2~ris)), doo = lim~s-~+oo d(s) where 
/~  g(xi + Cl) 
, / ( s )  = i oo i - - c l ) )  c ,  < < + i .  
(2.5) 
(2.6) 
From (2.6), doo = if~_~oog(xi + Cl)dX. The integral (2.6) converges because IF(~ + ix)l _< 
foRC~- l [ f (R ) ldR ,  and [1/(r(s)c(s)sinsa)[ is o(s -~) for arbitrary a > 0 as Is[ --~ oo in the 
given strip. Because g is analytic on N(s) - cl (for most cl), from a Plemelj type formula 
lim (~/(Cl + 1 +t i -  e)- ~/(Cl +ti  +e)) =g(cl +ti), 
elO 
Vt E R. 
From (2.6), d is analytic in ct < Ns < ct + 1 and (2.3) is used to extend the domain of definition 
of d. From Morera's theorem, d is analytic in a neighbourhood f N(s) = ct +j ,  j = 0, 1. Because 
g(s) = O(s -~) as Is[ --~ oo in strip and lim98-~-oo d(s) = 0, we find that d(s) is exponentially 
small as [gs I --* co. If co > 0 then from the inversion formula ¢ satisfies (1.5). 
Note that c(s) /cossa appearing in (2.5) is entire. If f ~ R ~, R -*  0, f ~ R ~, R -~ oo 
then F is defined and analytic for -/3 < ~Rs < -7 .  To show that ¢ satisfies (1.2) we need 
lim~-~+oo f~o+l R l _ t _~ @(t ÷ia, O) dt = 0 and @( s, O) = c( s)F( s) d( s) analytic in co < ~s ~ c0+l. 
Because ff~ has poles at { -n  : n E N}UIU J  where I = {re+l , . . . ,  2m, 3m+l  . . . .  ,4m, 5m+1, . . .  } 
and J = {(2n + 1)m : n E N} although those in J are removed on 0 = 0, we put co E (0, m) a 
choice which is justified below. 
To find the far-field and near-field behaviour of ¢ we need two fundamental theorems on the 
asymptotics of Mellin transforms which are given in [9, pp. 7-8]. They are tantamount here to 
near- and far-field asymptotics being given by residue contributions to the left and to the right 
of the inversion contour. If Co E (0, m), then the first pole of @(s, 0) to the left of Ns -- co is a 
double pole at s = 0 so from [9, Theorem 1] ¢(R, 0) = -c(O)/(27ri)doo logR + O(1) as R ~ 0 
verifying (1.4) (c(0) = 2t -mv~) .  From [9, Theorem 2] 
¢(R, 0) ,-, -R -m- l r (m + 1) Res(d, s = m + 1)c(m + 1), R -~ cx~, 
¢(R,O) ,,~ R-m sin(mO) [ 2 F(m) - (m -1) ,c (m + l) Res(d,s = m)] R --~ oo. 
The proof of the following is left to the reader. 
THEOREM. H F(s) is defined [oral < Ns < bl, al < 0 < co < bl, al < Cl < hi, m > co, then 
(2.1), (2.5), (2.6) provides the unique (see [10]) solution for (1.1)-(1.5). 
The problem (1.1)-(1.4) for f = 0 is solved in [2]. There are two standing waves Creg, Csing and 
if a = r /2m,  m E N they are given by (2.1) where co = 1/2 and 
@reg ----- 2m-iF(s) cos(s(0 ÷ a))c(s) sec sa, ~ Creg(R, 0) ~ sin(R ÷ ~,), 
~sing = cot(/rS)¢reg, ::~ Csing(R, 0) ~,~ cos(R + ~'), R --4 (x), 
R -~ oc, 
where "r = r (m + 1)/4. The near asymptotics can be briefly summarised by (see [2]) 
(¢reg, ¢,i,g) ~ (1, log(R)), R 0. 
For 0 E [ -a ,0 ) ,R  --* oo, we have Creg = O(R-a) ,  a > 0 is arbitrary, Csing = 2m- lR -m 
(m - 1)[ sin mO I - [~ 1 cos a (m ÷ j) ÷ 0 ( R -m-  1). 
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Let us briefly consider implications for the reflection coefficient. Write Cp(R,O,T) = 
(¢p exp(iT)), Cp = A¢sing + BCres + ¢ where A, B are complex numbers, ¢ solves (1.1)-(1.5). 
This implies 
Cp(R, O, T) ,',, 1N ((e R' + Rje -Ri) ei'r(A - Bi) exp(iT)) R --* co, 
2 
where R I = (A + Bi)e-2i'r/(A - Bi) is the reflection coefficient (Kr = IRI[ is the real reflection 
coefficient). For Cp(R, 8, T) to be bounded at R = 0 for all T we need ¢p(R, O) to be bounded at 
R =O so 
A = 2-midoo. (2.7) 
Moreover an application of Green's theorem similar to that in [5] yields 
A = -2  f(R)R-ICreg(R, -a) dR, (2.8) 
which is more useful than (2.7) because it involves f and not its Mellin transform. Note that 
if cl E ( -1,0) ,  then doo = 2riRes(d(s),s = 0) can be used if d(s) is known exactly. There are 
various radiation conditions as follows. 
(i) If the incoming wave is given then P = 1/2ei~(A - Bi) is known and we have Rf  = 
-e-2i'r + Ae-~'Y/P. 
(ii) If there is no incoming wave, then A = Bi, Cp( R, O, T) ~, N( Ae -~'r exp( iT -  JR)), R ---* oo. 
That is, the amplitude of an outgoing wave caused by pumping is given by (2.7) or (2.8). 
For particular forcing functions A and hence the wave amplitude vanishes, as found in [5] 
Part II for line sources. 
(iii) If there is no outgoing wave, then R I = 0, A = -B i ,  Cp(R, 0, T) ,',, N(Ae i'r exp(iT + 
JR)), R co. 
To calculate ¢ numerically requires the tabulation of d(s) on the contour of the inverse Mellin 
transform. 
3. A SPECIAL  CASE OF  FORCED PERCOLAT ION 
We apply the above to the simple case f (R)  = Rexp( -#R) ,  N(#) > 0, # possibly complex. The 
assumption of constant # represents a deviation from the percolation that might be expected in 
a real situation where, particularly near the shoreline, the wave lengths of incoming waves are 
known to shorten considerably [4]. Nevertheless the model should depict the basic qualitative 
aspects of a percolative flow driven by a travelling pressure wave on a bed. We solve (2.3) for d 
short-cutting (2.6). Since # = I#[e ~e°, [O0[ < zr/2, we have 
F(s )  = I~l-~-Xe-~°°(~+l)F(s + 1), for N(s) > 0, g(s) = 
g(s + 2m) = 
__~--s--2m~--I 
m--I [sin((s + 2m)a) 1-Ij=0 cos(s + j + 2m)a] 
__~--s--1 
( c( s) sin sa) ' 
= (--1)m-l~-2mg(8). 
and for example for the case of flow against a vertical percolative wall (m = 1), we have 
#-SF(s) {si~.s0 coss(O + ~r/2) } 
d(s) = 2#------~ cosec ~rs; @ = cos Irs/--"-"--~ + (1 + #) sin (sir)/2 #+1 
Clearly (2.3) is satisfied by 
s+l  2m-1 if ( - -1 )m- l~ 2m -~-- 1, 
d(s) = E g(s + j)a(s + j); a(s) = 2m ' (3.1) 1 
j=0 ( -1 )m- l# -2m - 1' otherwise, 
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(a) Response to short ripple given by delta function Ro: solid line a = lr/2; short 
dashed line a = 7r/4; long dashed line a = lr/6. 
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(b) Response to short ripple given by the derivative of delta function Ro: solid line 
= lr/2; short dashed line a = lr/4; long dashed line a = 7r/6. 
Figure 1. 
The expression for d in (3.1) is a continuous function of # and agrees with numerical compu- 
tations of (2.6) for m = 1, 2; the latter being preferred for expediency when m >> 1. Note that  
the solutions in (3.1) satisfy limes-.co [d(s)[ = 0 so that  wave is trapped. We record, for example 
for m = 2, setting A± = (1 + #v~ + #2) 
4# 
~¢(R,  e) ~ - ~+ log(R), R -~ 0, 
[ -~ ,  0) SA-R-3  7re(R, 0) ~ 4R-2  sin20 ~ E ; 7re(R,0) ~ R -~ ~.  
pah+ ' #3 ' 
4. R IPPLED BED 
If  the bed is rippled but nonpercolative and is given in nondimensional coordinates by R sin 
(O + a)  = ~(R) ,  ~ << 1, then ¢ = ¢0 + ~¢1 + O(~ 2) and u.n = 0 on the bed which implies 
~oo(R, -a)  = O, ¢ lo (R , -a )  = R(~¢oR(R,-a))R.  Therefore, the problem for rippled beds with- 
out pumping is the same as for forced pumping on plane beds. The origin is on the bed so 
that  6(0) = 0. If ¢ is bounded at R = 0, then so are ¢0, ¢1 and so for a wave-like solution 
~0(R, 0) = Creg(R, 0). 
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Figure 2. Response to sinusoidal ripple $(R) = sin kR: solid line (~ --- lr/2; short 
dashed line a = ir/4; long dashed line a = ~r/6. 
From [1, p. 539] 
m = 1, Cr~gR(R , -a )  = - -e-R; m = 2, Cr~gR(R,-c~) = -2e  -R/v'~cos • 
( m = 3, CregR(R,--~) = e -n /2  s in -~-R-  
In cases ~ = sin(kR), we can find d exactly because f (R )  '~ = ~- i=1 a iRexp( -miR)  and we have d 
exactly for f iR )  = R exp( -#R) ,  where ~(#) > 0 in Section 3. 
From (2.8) after integrating by parts A -- 2 fo  ¢2egR6(R)dR. If we have a short steep ripple 
we could put 6(R) = ~Ro(R), the Dirac delta function. Hence, A = 2¢regR(R0, _~)2. Putting 
6(R) -- 6'Ro (R) gives A -- -4¢regR(R0,--O~)¢regRR(Ro,--C~). Figures la and lb are graphs of A 
against R0 for c~ = ~r/2, ~/4, r /6  which show in particular that for certain positions on the bed 
a ripple has no effect in the far-field. A similar result found by Morris [7] for line sources. 
Because there is no dissipation, we expect (and it can be shown via Green's theorem) that 
the only bounded wave solution is a standing wave, in other words Kr -- 1 and the ripple 
changes arg(Rl). In fact ¢ = Creg  n c ~(ACsing + BCreg + ¢1) + O(~2), limR-~oo ¢1 ---- 0, R I = 
-e-2i~(1 - 2i~A + O(~2)), A • R, Kr = 1 + O(~2). 
Because Csing(R, 0) >> Creg(R, 0), 0 • [ -a ,  0) in the far-field the effect of the ripple on ¢ 
is proportional to A. For ~ = sin kR and general a clearly limk-~0 A = limk-~oo A -- 0 and 
letting maxk A(k ,m)  = A(km, m),  we find A(k,  1) = 2k/(4 + k2), kl = 2, k2 = 2.267, k3 = 
2.841, A(kl,1) = 1/2, A(k2,2) = 2.369, A(k3,3) = 5.471. Shown in Figure 2 is a graph 
of A(k,  m)  against k for m -- 1, 2, 3. In Davies [11], resonance due to bed ripples on flat bottoms 
occurs at k -- 2, where perturbation becomes infinite. 
5. CONCLUSIONS 
It has been shown here that the classical sloping beach problem may be solved analytically 
even with inhomogenous Neumann condition on the bed. A more realistic percolation model 
would take account of the flow in a porous layer beneath the bed possibly by means of a Darcy 
law type flow there. Further work is in progress on this aspect for beaches and sea defences of 
arbitrary slope. In Section 4, this analysis has been extended to show that scattering by bottom 
undulations may be treated similarly although again further in-depth work is required for an 
understanding of how possible bottom resonance mechanisms, as discussed for horizontal beds 
by Davies [11], might manifest hemselves in the present problem. 
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